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ABSTRACT 
As a common generalization of normal operators and strictly dissipative operators, 
the class of normal&able operators is introduced and studied in the finitedimensional 
case. Results on simultaneous normalizability are also included. 
1. NORMALIZABLE OPERATORS 
We begin by establishing the equivalence of several properties of an 
operator. Each of these properties generalizes a corresponding property of 
normal operators. 
THEOREM 1. For an operator (i.e., linear operator) A = H + iK on an 
ndimensionul complex inner-product space V, where H and K are Hermitian, 
the following conditions are mutually equivalent: 
(a) There exists an invertible operator T on V such that T*AT is normul. 
(b) There exists a positive definite operator P on V such that A*PA = APA*. 
(c) There exists a positive definite operator Q on V such that llQAx[l = 
IIQA*xll for all x E V. 
(d) There exist two bases (x,, x2,. . .,x,} and{y,, y,, . , . , y,} of V satisfy- 
ing the biorthorwnnal condition (xi, yi> = Si j (i, j= 1,2,. . . , n) and complex 
numbers a,, az, . . . , a, such that Axi= ajyj (1 G j< n). 
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(e) There is a positive &finite operator P on V such that HPK = KPH 
(i.e., HPK is Hermitian). 
(f) There exk?s a positioe definite operator P on V such thut APA* = HPH 
+ KPK. 
(g) A = PNP for some nmmul operator N on V and some P > 0 (i.e., P is 
positive definite). 
(h) There exists an operator Q s= 0 on V such that QAQ is normal. 
Proof. (a) = (b): If T is invertible, then P = TT* is positive definite. 
Conversely, every P > 0 can be expressed as P = ZT* with an invertible T. 
For an invertible T and P = IT*, the normality of T*AT 
(T*A*T)(T*AT) = (T*AT)(T*A*T), 
means that A*TT*A = AlT*A* or A*PA = APA*. 
(b) * (c): For P > 0 and Q = P’i2, the equality A*PA = APA* may be 
written as 
(A*Q2Ax, x) = (AQ2A*x, x) for all x E V, 
or 
llQA412 = llQA*xl12 for all XE V. 
(a) * (d): Suppose that T is invertible and T*AT is normal. Let (e,, e,, . . . , 
e,} be an orthonormal basis of V such that T*ATej = “,ej (1 G j d n), where 
X, (1~ jg n) are the eigenvalues of T*AT. Let xf= Tej (1 <j< n). Then 
{x1,x2’..., x,,} is a basis of V, and 
so 
(Ax,, xi) = 0 for i * j. 
Let (Yi,YZ,..., y,,} be a basis of V satisfying the biorthonormal condition 
(xj,yj)=6ij (i>j=1,2,***, n). Then both Ax, and yj are orthogonal to the 
(n-I>dimensionalsubspacespannedbyx,,...,xj_l,xj+l,...,x,,sowemust 
have Ax j = ajyj for some complex number aI‘ 
(d)*(a): Let {xi, x2,. ..,x,J and (yi, y2,. ..,y,,> be two bases of V such 
that (r,, yr) = Sit and Ax j = a,yj (i, j= 1,2,. . . , n). Choose an arbitrary ortho 
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normal basis {e,,es,..., e,} of V, and define an invertible operator T on V by 
Tej=xj(lgj<n).Then 
(T*ATej, e,) = (Axj, xi) = aj(yj, xi) = a,Jfi = (ajej, ei) 
for all i, J; and therefore T*ATej= ajej (1~ j< n). As (ei, es,.. . ,e,,) is 
orthonormal, this shows that T*AT is normal. 
(b) 0 (e): A*PA = APA* may be written as 
(H-iK)P(H+iK)=(H+iK)P(H-x), 
which, after simplification, is the same as HPK = KPH. 
(e) * (0: This is seen from the identity 
APA*=(HPH+KPK)+i(KPH-HPK). 
(a)*(g): Assume that T is invertible and M = T*AT is normal Write 
T-’ = UP with a unitary operator U and P > 0. Let N = U*MU. Then N is 
normal, and 
A = T*-‘MT-’ = PU*MUP = PNP. 
(g) * (h): Assume that A = PNP, where P > 0 and N is normal. Let 
Q=P-‘.ThenQ>OandQAQ=Nisnormal. 
(h) =+ (a) is trivial. This completes the proof of Theorem 1. ??
An operator A on a finite-dimensional complex inner-product space V will 
be called normu2izabZe if it satisfies any one (and therefore all) of the 
conditions stated in Theorem 1. Clearly every normal operator is normaliz- 
able. 
COROLLARY 1. If A is nurmulkzzbZe, then A* is also nonnalizuble, and 
KerA = KerA*, Im A = Im A*. (Here KerA and Im A denote respectively the 
kernel and the image of A.) 
Proof. That A and A* are simuhaneously normalizable follows im- 
mediately from condition (b) or (c). KerA = KerA* follows from (c). Since 
Im A = (KerA*) I, we have also Im A = Im A*. ??
COROLLARY 2. Zf an invertible operator A is nonnulizable, then A-’ is 
also rwrmalizuble, and A-IA* is SimiZur to a unitary operator. 
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Proof. By condition (g), we can write A = PNP with a normal operator N 
and P > 0. Then A - ’ = P- ‘N- lP- 1 also satisfies condition (g) and therefore 
is normalizable. Furthermore, A - ‘A* = P- ‘(N- ’ N*)P is similar to the unitary 
operator N-IN*. ??
COROLLARY 3. 
inuertibk. Then A 
Hermitian operator. 
Let A = H + iK, where H, K are Hermitian and K is 
is nonnulkuble if and only if K-‘H is similur to a 
Proof. By condition (e), A is normalizable if and only if there exists a 
P > 0 such that HPK = KPH. If Q = P’12, then HPK = KPH is equivalent to 
or 
Q-lK-‘HQ = QHK-IQ-l, 
which means that Q- ‘( K - ’ H)Q is Hermitian. Hence A is normalizable if and 
only if there exists a Q > 0 such that Q-l(K-lH)Q is Hermitian. On the 
other hand, if there is an invertible operator T such that T- ‘( K - ‘H)T is 
Hermitian, then by writing T = QU with a unitary U and Q > 0, 
Q-‘(K-‘H)Q = UT-‘(K-‘H)TU* is Hermitian. W 
COROLLARY 4. If A = H + iK is normalkubk, where H, K are Hermi- 
tian, then for any real numbers a, j3, y, 6, the operator B = (aH + /3K)+ i(yH 
+ 6K) is rwrmalizable. 
Proof. By condition (e), there exists a P > 0 such that HPK is Hermitian. 
Then (hH +-fiK)P(yH 4 8K)= ayHPH + j36KPK +(a& + jIy)HPK is 
Hermitian. Therefore B is normalizable. 
THEOREM 2. Let A = H + iK, where H, K are Hermitian. If there 
real numbers a, j3 such that aH + /3K > 0, then A is rwrmalkable. 
Proof. Choose real numbers y, 6 such that a6 - py = 1. Let 
H,=aH+BK, K,=yH+6K 
also 
??
exist 
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and 
A, = Hi + iK,. 
Take P = H,l. Then P > 0 and H,PK, = K, = K,PH,, so A, is norr&za& 
[by condition (e)]. Since 
H=6H,--PK,, K= -yH,+aK,, 
it follows (by Corollary 4) that A = H + iK is normalizable. W 
An operator A = H + iK is said to be strictly dissipative [l, 51 if H, K are 
Hermitian and K > 0. Theorem 2 implies that every strictly dissipative 
operator is normalizable. Thus the class of normalizable operators is a 
common generalization of normal operators and strictly dissipative operators. 
2. A DETERMINANTAL INEQUALITY. 
THEOREMS. LetA=H+iKbea rwrmulizable operator on an ndimen- 
sionul complex inner-product space V, where H and K are Hermitian. Then 
for any real number p > 2/n, we have 
]det Alp > ]det HIP +]det KIP. (0 
When p > 2/n, equulity holds in (1) if and only if either det A = 0 or H = 0 
orK=O. 
Proof. By Theorem 1 [condition (g)], there exist a normal operator N and 
a positive definite operator P on V such that A = PNP. Then 
HzP~+~*P 
2 ’ 
KzP~-~*P 
2i ’ 
Inequality (equality) in (1) holds if and only if inequality (equality) in 
pet N Ip 2 ldet F 1’ + ldet F 1’ 
holds. Let A j (1 Q j< n) be the eigenvalues of N, and let aj = ]Re X j]2, 
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Bj = ]Im Aj2. Then (2) becomes 
By Jensen’s inequality [2, p. 291, (3) is true for tap/2 > 1. This proves the 
inequality (1) for p 2 2/n. 
Assume now p > 2/n. There is equality in (3) if and only if either 
a =bj=O for some j or a1=a2=... =a,=O, or &=~2=**- =&=O. 
1: other words, there is equality in (2) (with p > 2/n), if and only if either 
det N = 0, or (N + N*)/2 = 0, or (N - N*)/2i = 0. Hence, equality in (1) 
occurs(withp>2/n)ifandonlyifeitherdetA=O,orH=O,orK=O. w 
In the special case of a strictly dissipative operator A, Theorem 3 was 
proved in [l] as an improvement of the following earlier result of Ostrowski 
and Taussky [3]: If A = H + iK is strictly dissipative where H, K are Hermi- 
tian, then vet A] > det K with equality only when H = 0. The case p = 2/n 
of the inequality (1) has been extended by Thompson [5] to an arbitrary 
operator A (on an n-dimensional complex inner-product space V) by de 
tern&ring the exact positive constant factor to be multiplied into the right-hand 
side of (1). 
3. A DETERMINANTAL CHARACTERIZATION OF 
HERMITIAN OPERATORS 
As an application of Theorem 3, we prove the following characterization 
of Hermitian operators. 
THEOREM 4. Let A be an operator on an ndi~ional complex inner- 
product space, and let p > ]]A]]. Then A is Hermitian if and only if 
Idet(p2Z-A2)1=det(p2Z-A*A). (4) 
Proof. The “only if” part is trivial. Assuming that (4) is satisfied, we are 
to prove that A = A*. Let 
B = i( pZ - A*)( pZ + A) 
and 
H-R+B* 
2 ’ 
K= *-** 
2i * 
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H = pi(A - A*), K=p=I-A*A. 
As p > ]]A]], K = p2Z - A*A is positive definite, so B is strictly dissipative and 
therefore normalizable (Theorem 2). By Theorem 3, we have 
)detB]P>]detH]P+]detK]P (5) 
for p > 2/n. As 
ldet BI = Idet( PI- A*)[ *]det( pZ + A)] 
= Idet( pZ - A)). flet( pZ + A)] 
= pet( p2Z - A=)], 
(4) may be written as 
]detB]=detK. (6) 
From (5) and (6), we conclude that equality holds in (5) for alI p 3 2/n. 
Again by Theorem 3, we must have either det B = 0 or H = 0 or K = 0. But K 
is positive definite, so vet B] = det K > 0; the only possibility is H = 0, i.e., 
A=A*. ??
In the above proof, we can also use Ostrowski and Taussky’s theorem [3] 
instead of Theorem 3. 
4. SIMULTANEOUS NORMALIZABILITY 
Given m operators A, (u = 1,2 ,..., m) on a finite-dimensional complex 
inner-product space V, one may ask whether there exists an invertible 
operator T on V such that T*A,T is normal for every u = 1,2,.. .,m. A 
necessary and sufficient condition for this simultaneous normalizability will be 
given in Theorem 6. We first prove Theorem 5, which will be needed in the 
proof of Theorem 6. It will be more convenient for our proof of Theorem 5 to 
formulate these results in terms of matrices. We recall that a complex square 
matrix A is dissipative if (A - A*)/2i is positive semidefinite. 
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THEOREM 5. Let A,,B, (v=1,2 ,..., m) be m pairs of complex nXn 
matrices. Then either there exists a positive definite Hermitian n x n matrix X 
such that A,XB, is Hermitian for every v = 1,2,. . . ,m, or there exist m 
Hermitian matrices Y, (v = 1,2,. . . ,m) such that Cr_:,,B,Y,A, is dissipative 
but not Hermitian. The two alternatives exclu& each other. 
Proof. Assume that there exists no positive definite Hermitian matrix X 
making each A,XB, Hermitian. We are going to find m Hermitian matrices 
Y” (v=l,2,..., m) such that Cz_:,, BUY, A, is dissipative but not Hermitian. 
Let X denote the real vector space of ah n x n Hermitian matrices, and let 9 
denote the open convex cone in 3c formed by the positive definite matrices. 
Let 
Then the linear subspace e in X is disjoint from the open convex cone 9. By 
the separation theorem of convex sets [4, p. 461, there exists a positive 
semidefinite Hermitian n X n matrix P such that P * 0 and tr PX = 0 for 
everyXEC. 
Consider a complex n X n matrix Z (not necessarily Hermitian) satisfying 
A,ZB,= B,*ZA*, for 16 v<m. If we write Z=X+iY with Hermitian 
matrices X, Y, then 
A,XB, - B,*XA*, = i( B,*YA: - A,YB,) for l<v<m. 
Since i( B,*YA*, - A,YB,) is a Hermitian matrix, we must have 
A,xB, - B,*XA*, = (A,xB, - B,*xA:)* 
= B,*XA; - A,XB, for l<vGm. 
It follows that 
A,XB, = B,*XA:, A,YB, = B,*YA: for lgvdm. 
Thus X, Y E e and consequently 
trPZ = trPX + itrPY = 0. 
Hence tr PZ = 0 holds for every complex n X n matrix Z (not necessarily 
Hermitian) satisfying the m equations A,ZB, = B,*ZA: (1~ v < m). 
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I& A = (&!‘), B = (b!!‘)) 
u ‘1 ” ‘I ’ 
and P = (pi j). Then the linear equation 
holds for every complex n X n matrix ( zi j) satisfying the mn2 linear equations 
(i,j=1,2 ,..., n; v=1,2 ,..., m). 
Hence there exist m complex n X n matrices Co = (~$7)) (u = 1,2,. . . ,m) such 
that 
or, what is the same, 
P = F (B,C,A, - A;c,B,*). 
o=l 
Using the fact that P is Hermitian, we have 
P = 2 (A*,C,*B,* - B,,C,*AJ 
o=l 
and therefore 
2P = i [B,(C, - C,*)A, - A*,& - C,*)B,*]. 
o=l 
Let Y, = i(C, - C,*) (1 Q u < m). Then Y, is Hermitian and 
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As P is positive semidefinite and P * 0, the matrix Cr_ ,B,Y, A, is dissipative 
but not Hermitian. This proves that at least one of the two alternatives stated 
in the theorem must be true. 
In order to show that the two alternatives exclude each other, consider a 
positive definite Hermitian n x n matrix X and m Hermitian n x n matrices 
Y,,Ys,..., Y,. We have the identity 
tr 
If Cz_ ,B,Y, A, is dissipative but not Hermitian, then the trace on the 
left-hand side is positive. On the other hand, if A,XB, is Hermitian for every 
u, then the expression on the right-hand side is zero. Hence the two 
alternatives exclude each other. ??
THEOREM 6. L&A, (l<ubm) be m complex nxn matrices. Then 
either there exists an invertible n X n matrix T such that T*A,T is normul for 
euf?qu=l,2,..., m, or there &t m Hermitin matrices Y, (1 d u Q m) such 
that the Hermitian matrix Cr_:,XA,YOA: - A:Y,A,) is positive semidefinite 
but * 0. The two alternatiues exclude each other. 
Proof. For any invertible matrix T, X = TT* is positive definite, and the 
normality of T*A,T, i.e., 
(T*A,T)(T*A:T) = (T*A:T)(T*A,T), 
is e.quivalent to 
A,+: = A*,XA,. 
Since every positive definite Hermitian matrix X can be written as X = IT* 
with some invertible matrix T, the existence of an invertible T making each 
T*A,T normal is equivalent to the existence of a positive definite Hermitian 
matrix X satisfying 
Let A, = H, + iK,, where H,, K, are Hermitian. Then 
A&4: - A*,XA, = 2i(K,XH, - H,XK,). 
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Hence there exists an invertible T making each T*A,T normal if and only if 
there exists a positive definite Hermitian matrix X making each K,XH, 
Hermitian. 
On the other hand, for any m Hermitian matrices Y, (1~ u < m), we have 
; 2 (A,Y,A::-AzY,A,)=$ i H,Y,K,- 2 K,Y,H, . 
o=l o=l o=l 1 
Thus CT= r( A,Y, A: - A:Y, A,) is positive semidefinite and * 0 if and only if 
Cz_ r H,Y,K, is dissipative and not Hermitian. Hence the result follows from 
Theorem 5. ??
We conclude the paper with a result for real matrices. 
THEOFIEM~. LetA,,B,(u=1,2,...,m)bempuirsofreaZn~nmcrt~es. 
Then either there exists a positive definite real symmetric n x n matrix X such 
that A,XB, is symmetric jii every v = 1,2,. . . ,m, or there exist m real 
skew-symmetric n x n matrices Y, (u = 1,2,. . . ,m) such that the symmetric 
mutrix 
E ( B,Y,A, + A:Y,*B,*) 
o=l 
is positive semidefinite but * 0. The two alternatives exclude each other. 
Here the adjoint (i.e., the conjugate transpose) A*, of a real matrix A, is of 
course the same as the transpose of A,. Theorem 7 is the real analogue of 
Theorem 5. The proof is omitted, as it is similar to that of Theorem 5. 
REFERENCES 
1 K. Fan, On strictly dissipative matrices, Linem Algebra Appl. 9:!2!23-241 (1974). 
2 G. H. Hardy, J. E. Littlewood, and G. PC,lya, Inequalities, Cambridge U. P., 
London, 1934. 
3 A. M. Ostrowski and 0. Taussky, On the variation of the determinant of a positive 
definite matrix, Proc. Koninkl. Nederl. Akad. Wetetu. Amsterdum Ser. A 
54:383-385 (1951). 
4 H. H. Schaefer, TopoZogicuZ Vector Spaces, Springer, New York, 1971. 
5 R. C. Thompson, Dissipative matrices and related results, Linear Algebra Appl. 
11:155-169 (1975). 
Received 15 February 1982 
